Abstract. We review several linear algebraic aspects of the DehnSommerville relations and relate redundant analogues of the f -and h-vectors describing the subsets of a simplex 2 {1,...,m} that satisfy Dehn-Sommerville type relations to integer points contained in some rational polytopes.
Introduction and preliminaries
A family ∆ of subsets of a finite set V is called an abstract simplicial complex (or a complex) on the vertex set V if the inclusion A ⊆ B ∈ ∆ implies A ∈ ∆, and if {v} ∈ ∆, for any v ∈ V ; see, e.g., [6, 7, 9, 10, 15, 21, 24, 30] see, e.g., [19, 20] , where similar combinatorial tools appear. The maps Φ → f f f(Φ; m) and Φ → h h h(Φ; m) from the Boolean lattice D(m) of all face systems (ordered by inclusion) to Z m+1 are valuations on D(m). We consider the vectors f f f (Φ; m) and h h h(Φ; m) as elements from the real Euclidean space R m+1 of row vectors. Given a complex ∆ ⊆ 2 [m] with #∆ > 0, denote by U d (∆) the (d (∆) + 1) × (d (∆) + 1) backward identity matrix whose rows and columns are indexed starting with zero and whose (i, j)th entry is the Kronecker delta δ i+j,d(∆) . One says that the h-vector of a complex ∆ satisfies the Dehn-Sommerville relations if h h h(∆) is a left eigenvector of U d (∆) corresponding to the eigenvalue 1, that is, it holds 
see, e.g., [19, p. 171] .
In this paper we consider the set of all row vectors f ∈ N m+1 such that for each of them there exists a face system Φ ⊂ 2
[m] satisfying Dehn-Sommerville type relations analogous to (1.2), and f f f (Φ; m) = f; we interpret the set of those vectors f as a set of integer points contained in two rational polytopes.
Notation
Throughout the paper, m denotes an integer, m ≥ 2. The components of vectors as well as the rows and columns of matrices are indexed starting with zero.
I(m) denotes the (m + 1) × (m + 1) identity matrix. T(m) is the forward shift matrix whose (i, j)th entry is δ j−i,1 . For a vector w w w := (w 0 , . . . , w m ), w w w ⊤ denotes its transpose; w w w 2 := V V V ⊕ W W W denotes the direct sum of subspaces, and ⊞ denotes the Minkowski addition.
We use the notation0 to denote the empty set.
If Φ is a face system, #Φ > 0, then its size d (Φ) is defined by d (Φ) := max F ∈Φ |F |.
Dehn-Sommerville type relations for the long h-vectors
We say, for brevity, that a face system Φ ⊂ 2
[m] is a DS-system if the vector h h h(Φ; m) satisfies the Dehn-Sommerville type relations
see also [18, §7] .
A face system Φ with #Φ > 0 is a DS-system if and only if for any n ∈ P such that η(Φ) ≤ n ,
the vector h h h(Φ; n) is a left eigenvector (corresponding to the eigenvalue 1) of the (n + 1) × (n + 1) backward identity matrix U(n):
We denote the eigenspace of U(m) corresponding to the eigenvalue 1 by E h (m). : the characteristic polynomial ℘ U(m) of the matrix, in the variable λ, is
In other words,
where K s (t, i) stands for the Krawtchouk polynomial defined by
The geometric multiplicity of 1 equals its algebraic multiplicity.
3.2.
The linear hulls of the long h-vectors of DS-systems. For a positive integer k, define the complex
Proof. The proof of assertion (i) is straightforward, with respect to the argument from §3.1. Assertion (ii) is a consequence of [18, Eq. (3.8) ].
Define a linear hyperplane H(m) in the space E h (m), in the following way: if m is even, then
; if m is odd, then
. The one-dimensional subspace lin(ι(m)) is the orthogonal complement of the subspace H(m) of the space E h (m), with respect to the standard scalar product.
Some bases of
. In [18, §4] the following six bases of R m+1 were considered:
the basis H m is up to rearrangement the standard basis S m . Table 1 collects the representations of the vectors h h h(2 [k] ; m) with respect to the above mentioned bases.
We define a matrix S(m) whose (i, j)th entry is (−1)
and denote by S m : 
·S(m)
in other words, we have
cf., e.g., [30, p. 253] . Let S
Define the row vector
For any m, we have E f (m) = F(m)⊕lin(π(m)); this is the eigenspace of the matrix D(m) corresponding to its eigenvalue 1.
All the vectors that appear in expressions (4.2) and (4.3), as well as the vector π(m), lie in the affine hyperplane {z ∈ R m+1 : z 0 = 1}. We also have (π(m), 0, 0) = f f f (2 [m+1] ; m + 2). The representations of the vectors f f f (2 [k] ; m) with respect to various bases are collected in Table 1 . , with the eigenvalues 0 and 2.
Define the polytope
if m is odd, then we have
In other words, for any m, we have P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P P S X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X P P P P P P P P P -dimensional unimodular cone
One more description of
, the ray pos
i+1 is an extreme ray of the 
The proof of assertion (ii) is analogous to that of (i). In particular, for i, j ∈ N such that i ≤ m−1 2 and j ≤ m, we have
the sequence
is a basis of E f (m). 
The structure of bases (5.3) and (5.6) of E f (m) allows us to come to the following conclusion: , it holds
, it holds 
If m is even, define the m 2 -dimensional polytope
and note that the polytope Q f (m) is a prism whose basis is P f (m):
as a consequence, we have
where x α := x 0 α 0 · · · x m αm . Since for any m, the generating function for the long f -vectors of DS-systems contained in 2
[m] is
we come to the conclusion:
(ii) If m is odd, then
See, e.g., [1, Chapter VIII], [2] , [3] , [4] , [5] , [8] , [17] , [21, Chapter 12] on lattice-point counting in polytopes. Effective tools for manipulating rational generating functions are presented in [3] . Table 4 collects some illustrative information obtained with the help of the software LattE [11] , [12] , [13] . Another description of polytope (6.2) is Q h (m) = lin h h h(2 [1] ; m), h h h(2 [3] ; m), . . . 
Orthogonal projectors.
• If m is even, then the matrix of the orthogonal projector (see, e.g., [27, Chapter 3] on projectors) into H(m), relative either to the standard basis S m or to the basis H m , is h h h(2 [1] ; m) ⊤ h h h(2 [3] ; m)
h h h(2 [1] ; m) h h h(2 [3] ; m) . . . h h h(2 [1] ; m) h h h(2 [3] ; m) . . . 
